
 Theseifert vankampentheorem

We will only state the classical formulation of the theorem
without proof and use it to compute some fundamental
groups For details see section 70 of Munkres

Let X UUV where U and V are open in X Assume
U V UAV are path connected Let x C UAV

Consider the following inclusions

unv
x

let h be the unique homomorphism s t

IT u xolj
TY

xo ITCV b IT X xo

commutes
IT V xo ja

Thin Seifert Van Kampen The homomorphism h defined
above is surjective and the kernel N is the smallest



normal subgroup containing words of the form

i Cgt i g for go.IT UnV xo

i e IT IT 4 0 17 v x

Cer If UAV issimply connected then IT X xo T 4 0 17144

Cer If IT V xo is trivial then IT X Xo IT U xD N
where N is thesmallest normal subgroup containing the image
of i i IT unV a IT U xo

Exi Consider thefigure eight space X

b

We can give X the subspace topology in IR
Let a and b be the antipodal points to Xo in
each circle respectively Let U XlEa3 V Xl b

Then U and V both have a deformation retraction onto a circle

Each half circle is homeomorphicto a convex subspace in IR



and UAV is contractible Thus N is trivial so

IT X Xo IT U xo IT V Xu E 7 7 and it's

generated by the loops generating the fund gps of each 8

Wedgesotcircles
We can adjoin more than two circles together as
follows

Def Let X be a Hausdorff space that is the union of

Si Sn and Si is homeomorphic to S V i

Suppose 7 p c X sit Sin Sj p V i tj X is called
the wedge of the circles S Su and is denoted

X S VSzV Vsu

Note Each Si is compact and thus closed in X

Also X is homeomorphic to C U UCn EIR where Ci

is the circle of radius i centered at i O

t

We can calculate the fundamental group of the wedge of n



circles by induction

The If X S V Sir the wedge of n circles and fi is
a loop generating ITCsi Xo then

IT X xo is the free group on generators f th

PI Thm holds for h l Assume true for h l

For each i choose 9i c Si st q Xo

let U Xl g qn and V Xl gu
Then U has a deformation retraction onto Sn and

V onto S V Vsu UAV is contractible

Thus IT X Xo 5 IT S V Vsm Xo IT Sn xo which is

the free product of the free groupon n 1 generators w
the free group on n l generators D

It turns out any graph has the homotopy type of thewedge
of circles

Claim If X is a finite graph homeomorphic
to the disjoint union of I s glued at the endpoints
thin X has the homotopy type of the wedge
of finitely many circles



O_O O.O
000 08Rough idea the quotient by a tree

graph w no loops is a homotopy equivalence

We can also define an infinite wedge of circles indexedbyBo

X sn Where Sn is the circle of radius u centered at

h O

Exercise 1 If fn is the loop generating IT Sir 0,0 then
IT 0,01 is the free group on generators t fz

2 X is htt homeomorphic to cn where Cn is the

circle of radius Yu centered at Yu O

3 The familiar space
2 o z

has the same fundamental gp as

X.ttgroupsVaes
We can calculatethe fundamentalgroup of the torus in a



different way now

D

fi YIIIIYIoerad.us at around P
U has homotopy type of wedge of twocircles
is simply connected

UAV has homotopy type of S

So IT S xs IT U N where N isgenerated by
the image of the loop fb

k
f If IT u is the free gp on a b

a a the image of CH is
a
b ab a b t so

it S xs E a b l a b ba E 2 2

What about a torus minus two points

so tI
3 circles

we can also calculate ITCRIP like this



b
K

we can deformation retract U tot ban iii ie pb
on one generator ab

and V is simply connected but now the image
of a generator of IT UAV is ab ab c

so IT 1121102 E c c L E z


